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Abstract. It is commonly thought that the final product of gravitational collapse is a black
hole. Nevertheless, theoretical studies have not yet provided a final answer to the question
whether black holes are the only possible outcome or whether naked singularities are also
allowed. Observational tests may thus represent a complementary approach. In the present
paper, we consider the Janis-Newman-Winicour metric, which describes a rotating source
with a surface-like naked singularity. We calculate iron line shapes in the reflection spectrum
of a putative disk around a Janis-Newman-Winicour singularity and we compare our results
with the iron line shapes expected in the spectrum of a Kerr black hole. While it is difficult
to distinguish the two spacetimes from the iron line shape in general, it seems that Janis-
Newman-Winicour singularities cannot mimic fast-rotating Kerr black holes observed at a
low or moderate inclination angle. Our analysis thus suggests that available observations
of specific sources can already constrain the possible existence of Janis-Newman-Winicour
singularities in the Universe.
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1 Introduction
An important unsolved problem in Einstein’s gravity concerns the nature of the final product
of gravitational collapse. At the end of the 1960s, Roger Penrose and Stephen Hawking
proved, under quite general assumptions, that complete gravitational collapse inevitably
produces a spacetime singularity [1, 2]. Penrose also proposed the so-called cosmic censorship
conjecture, according to which singularities produced in gravitational collapse must be hidden
behind an event horizon and the final product of the collapse must be a black hole [3].
Nevertheless, today we know a few counterexamples in which naked singularities can be
created from regular initial data [4]. While the singularity itself may not exist because it
may be an artifact of the breakdown of the classical theory, the spacetime metric around the
source may still be described by the classical singular solution [5].
Today we have a large number of astronomical observations pointing out the existence
of dark and compact objects that are commonly interpreted as black holes [6, 7]. From
stellar evolution arguments, we expect a population of 108 − 109 stellar-mass black holes in
a galaxy like the Milky Way [8, 9]. Today we only know about 100 candidates. Observations
also suggest the existence of supermassive black holes of millions or billions Solar masses
at the center of every normal galaxy. All these objects are commonly interpreted as black
holes because this is the simplest explanation. Stellar-mass black holes are too heavy to be
neutron stars [10]. Supermassive black holes are too heavy, compact, and old to be clusters
of non-luminous bodies like neutron stars [11]. The non-detection of thermal radiation from
the putative surface of these objects is also consistent with the idea that they are black holes
with an event horizon [12]. The gravitational wave signals detected by the LIGO experiment
are consistent with gravitational waves emitted by black holes [13], even if this is not enough
to conclude that these sources have a horizon [14].
In the past 5-10 years, there have been significant efforts to study observational meth-
ods to probe the spacetime metric around astrophysical black hole candidates and test the
actual nature of these objects using the electromagnetic radiation emitted by their accretion
disk [15–33]. These tests are sensitive to the motion of the particles in the accretion disk and
to the propagation of the photons from the emission point in the disk to the detection point
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in the flat faraway region. The detected spectrum is affected by relativistic effects occurring
in the strong gravity region (gravitational redshift, Doppler boosting, light bending) and can
thus provide details of the metric around these objects.
In the present paper, we extend previous work in literature to study observational tests
to distinguish black holes from naked singularities [34–38]. We consider the rotating Janis-
Newman-Winicour (JNW) metric [39–41], which describes a rotating source in Einstein’s
gravity minimally coupled to a real scalar field. The Schwarzschild metric is the unique
vacuum solution to the 4-dimensional Einstein equations after we impose that the spacetime
is spherically symmetric and asymptotically flat. If we relax the assumption of vacuum
spacetime and we introduce a real scalar field, which is the simplest form of matter, we
obtain the non-rotating JNW metric (if we introduce an electromagnetic field, we find instead
the more famous Reissner-Nordstro¨m metric). The rotating JNW solution is thus one of the
simplest generalizations of the Kerr metric and includes the Kerr solution as a special case (in
the limit of vanishing scalar charge). Interestingly, the JNW spacetime does not posses any
horizon and there is a surface-like naked singularity at a finite value of the radial coordinate,
where curvature invariants diverge and the spacetime is geodetically incomplete.
We calculate iron line shapes expected in the reflection spectrum of an accretion disk
in JNW spacetimes and we compare our results with the iron line shapes in the reflection
spectrum of Kerr black holes1. Our simple analysis shows that iron line shapes in JNW
spacetimes can in general reasonably well mimic those expected in Kerr spacetimes. However,
they cannot look like those from accretion disks observed from a low or moderate inclination
angle around fast-rotating black holes. Since we have X-ray data of astrophysical black hole
candidates showing iron line shapes as expected from fast-rotating black holes observed at
low or moderate inclination angles, our results suggest that current data can already rule out,
or at least strongly constrain, the possibility that astrophysical black holes are actually JNW
naked singularities. Note, however, that the iron line method has a number of caveats2 and
that, even assuming to have the systematics completely under control, a conclusive answer
would require a more detailed study, beyond the goal of the present paper, and to analyze
real data with a more sophisticated reflection model.
The content of the paper is as follows. In Section 2, we briefly review the JNW metric
and its basic properties. In Section 3, we introduce the iron line method and we calculate a set
of iron line shapes from a putative accretion disk around JNW naked singularities for different
values of the spin parameter a∗, inclination angle of the disk i, and deformation parameter γ.
In Section 4, we simulate some observations with NuSTAR and we check whether the analysis
of the iron line can distinguish Kerr black holes from JNW naked singularities. Summary and
conclusions are in Section 5. Throughout the paper, we employ units in which GN = c = 1
and a metric with signature (−+ ++).
1We note that iron line shapes expected in the reflection spectrum of accretion disks around Kerr naked
singularities have been studied in Ref. [42]. As we will see later, the iron line shapes from JNW naked
singularities are qualitatively different from those from Kerr naked singularities.
2Current models employ infinitesimally thin accretion disks with a sharp inner edge at the innermost stable
circular orbit (ISCO), while real accretion disks have a finite thickness (which increases as the mass accretion
rate increases), the inner edge may not be exactly at the ISCO, and radiation may be emitted even at smaller
radii by plunging gas. The emissivity profile of the disk, which would depend on the unknown morphology
of the Comptonized medium, is usually modeled by a power-law or a broken power-law, and is often one of
the most controversial issues for the reliability of the technique. The presence of magnetic fields is ignored.
A number of simplifications are also employed in the calculations of the reflection spectrum at the emission
point (cold gas of constant density, fixed electron density in the disk, constant ionization over the disk, etc.).
See [6] and references therein for more details.
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2 Janis-Newman-Winicour spacetime
2.1 Metric
The JNW spacetime is an exact solution of the Einstein equations in which matter is described
by a real massless scalar field Φ [39–41]. The total action is
S =
∫
d4x
√−g [R+ gµν (∂µΦ) (∂νΦ)] . (2.1)
The field equations are
Rµν = 8 (∂µΦ) (∂νΦ) , Φ = 0 . (2.2)
The line element of the spacetime can be written as
ds2 =
(
1− 2M˜r
Σ
)γ
(dt− ωdφ)2 − Σ
(
1− 2M˜r
Σ
)1−γ (
dr2
∆
+ dθ2 + sin2 θdφ2
)
+2ω (dt− ωdφ) dφ , (2.3)
where
M˜ =
M
γ
, ω = a sin2 θ , Σ = r2 + a2 cos2 θ , ∆ = r2 − 2M˜r + a2 . (2.4)
The solution for the scalar field is
Φ =
√
1− γ2
4
ln
(
1− 2M˜r
Σ
)
. (2.5)
The parameter γ is related to the ADM mass3 M and the scalar charge q by the following
relation
γ =
M√
M2 + q2
. (2.6)
a = J/M , where J is the spin angular momentum of the source. a∗ = a/M = J/M2 is the
dimensionless spin parameter.
For q = 0, γ = 1, and we recover the Kerr black hole solution. In this case, the larger
root of ∆ = 0 provides the radius of the event horizon
rH = M +
√
M2 − a2 . (2.7)
The boundary of the ergoregion (static limit) is given by the larger root of gtt = 0 and turns
out to be
rSL = M +
√
M2 − a2 cos2 θ . (2.8)
For q 6= 0, 0 < γ < 1. The scalar curvature is
R =
2
(
γ2 − 1) M˜2
Σ5
(
1− 2M˜r
Σ
)γ−3 [
∆
(
r2 − a2 cos2 θ)2 + (ra2 sin2 2θ)2] , (2.9)
3For the definition of ADM mass, see, for instance, [43–45].
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and diverges on the surface
r∗ = M˜ +
√
M˜2 − a2 cos2 θ . (2.10)
r∗ describes a surface-like singularity, where curvature invariants diverge and the spacetime
is geodetically incomplete as well.
The JNW spacetime can be seen as a deformation of the Kerr spacetime in which γ is
the parameter regulating this deformation. Note, however, that the transition from a black
hole (γ = 1) to a naked singularity (γ < 1) is not smooth. This fact, as we will see later, has
important observational implications and – potentially – observational data can completely
rule out the existence of JNW naked singularities, not just constrain γ. The key-feature is
that the boundary of a Kerr black hole is given by the radius of its event horizon in Eq. (2.7).
The boundary of a JNW naked singularity is given by the radius of its singular surface
in Eq. (2.10). For very fast-rotating objects with a∗ very close to 1, the inner edge of an
equatorial accretion disk is, respectively, at the radial coordinate r ≈M and r ≈ 2M in the
two spacetimes; that is, there is a gap between the cases γ = 1 and γ 6= 1. This happens
because for γ 6= 1 the static limit becomes the “surface” of the object, not the former event
horizon. Note also that a JNW naked singularity is completely different from a Kerr naked
singularity. The former can be seen as an extended object, like a compact star or a black
hole. The latter is an almost point-like source.
2.2 Location of the ISCO radius
In the next sections, we will consider geometrically thin accretion disks in the equatorial
plane (θ = pi/2) of JNW naked singularities. The inner edge of the disk will be set at the
radius of the innermost stable circular orbit (ISCO), if it exists, or, otherwise, at the singular
surface of the object r∗. Circular equatorial orbits and accretion disks in the JNW spacetime
have been already studied in Ref. [46].
The calculation of the ISCO radius is straightforward [6]. We write the Lagrangian of
a test-particle as
L = 1
2
gµν x˙
µx˙ν , (2.11)
where ˙ = d/dτ and τ is the particle proper time. Since the metric coefficients are independent
of the coordinates t and φ, we have the conservation of the energy E and of the axial
component of the angular momentum Lz. From the Euler-Lagrange equations, we find
gttt˙+ gtφφ˙ = −E , gtφt˙+ gφφφ˙ = Lz . (2.12)
From the conservation of the rest-mass, gµν x˙
µx˙ν = −1, we can write
grrr˙
2 + gθθθ˙
2 = Veff , (2.13)
where the effective potential Veff is given by
Veff =
E2gφφ + 2ELzgtφ + L
2
zgtt
g2tφ − gttgφφ
− 1 . (2.14)
Circular orbits in the equatorial plane are located at the zeros and the turning points of the
effective potential: r˙ = θ˙ = 0 implies Veff = 0, r¨ = 0 implies ∂rVeff = 0, and θ¨ = 0 requires
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Figure 1. ISCO radius as a function of the dimensionless spin parameter a∗ for different value of
the parameter γ: γ = 0.99 (top left panel), 0.75 (top right panel), 0.5 (bottom left panel), and 0.25
(bottom right panel). In every plot, the black dotted horizontal line shows the radius of the singular
surface r∗. Note the difference in the range of rISCO in the bottom right panel and its large value of
r∗.
∂θVeff = 0. The orbits are stable under small perturbations along the radial direction if
∂2rVeff > 0, and they are stable under small perturbations along the vertical direction if
∂2θVeff > 0.
Fig. 1 shows the ISCO radius rISCO as a function of the spin parameter a∗ for different
values of the parameter γ. The black dotted horizontal lines in every plot denote the radius
of the singular surface r∗. Since r∗ increases as γ moves from 1 to 0, we can already anticipate
that the gravitational redshift experienced by the photons emitted from the inner part of the
accretion disk gets milder and milder. Note that the ISCO radius is determined by the radial
stability of the orbit (as it is always the case in Kerr spacetimes) for “small” values of a∗,
then the ISCO radius cannot be defined or drops to some radial coordinate close to r∗, and
for larger a∗ the ISCO is determined by the stability of the orbit along the vertical direction.
3 Iron line shapes
Broad and skewed iron lines are a common feature in the X-ray spectrum of astrophysical
black hole candidates. They are thought to be generated in the inner part of the accretion
disk. The iron Kα line is a very narrow feature at 6.4 keV in the case of neutral or weakly
ionized iron and shifts up to 6.97 keV in the case of H-like iron ions. However, the iron
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lines observed in the X-ray spectra of black hole candidates are broad and skewed as the
result of relativistic effects occurring in the strong gravity region (gravitational redshift,
Doppler boosting, light bending). In the presence of high quality data and with the correct
astrophysical model, iron line spectroscopy can be a powerful tool to test the nature of
astrophysical black holes [47]. Reliable tests with real data require to fit the full reflection
spectrum of the disk [6], not only the iron line, but here, as a preliminary and explorative
study to distinguish black holes from naked singularities, we simplify our analysis and we
restrict the attention to the iron line only. This is indeed the strongest feature in the reflection
spectrum and the main source of information about the spacetime geometry.
The iron line shape observed far from the source is determined by the background
metric, the inclination angle of the disk, the emissivity region, and the intensity profile of
the accretion disk. In our study of the JNW metric, the spacetime metric is characterized by
two parameters, namely the spin parameter a∗ and the deformation parameter γ related to
the scalar charge of the source. The mass M does not “directly”4 affect the shape of the iron
line because it only sets the scale of the system, while the iron line shape is determined by
the redshift, namely the ratio between the photon energy at the detection and the emission
points. The inclination angle of the disk is described by the angle i between the spin axis
and the line of sight of the observer. The emission region is the disk, with the inner edge at
the ISCO radius and the outer edge at rISCO + 100 M in our calculations; the latter is large
enough that its impact is small, because the emissivity at large radii is strongly suppressed.
The emissivity profile is modeled with a simple power-law 1/rq, where q is the emissivity
index.
Iron line shapes in the JNW spacetime have been calculated and reported in Fig. 2 for
different values of a∗, γ, and i. The calculations have been done with the code described in
Refs. [48, 49], and the method is briefly reviewed in Appendix A. In Fig. 2, we show the iron
line for γ = 0.99, 0.75, 0.50, and 0.25 (from top to bottom). The inclination angle of the disk
is i = 20◦ (left panels), 45◦ (central panels), and 70◦ (right panels). Every panel shows the
iron line shapes for the spin parameters a∗ = 0, 0.7, 0.9, 0.95, and 0.99. In all our simulations
we have assumed the emissivity index q = 3, which corresponds to the Newtonian case for a
corona with lamppost geometry at large radii; see, e.g., Ref. [6] for more details.
4 Simulations
The iron line shapes calculated in the previous section do not show any very peculiar feature
with respect to those in a Kerr spacetime. However, we can note that for γ → 0 the radius
of the source r∗ increases, so the body becomes less and less compact, with the obvious
result that the gravitational field near its surface gets weaker and the implication that the
gravitational redshift experienced by photons gets milder and milder. The final result is
that board iron lines are impossible for low values of γ. On the contrary, broad iron lines are
observed in the X-ray spectra of many black hole candidates and are possible in the spacetime
around fast-rotating Kerr black holes. Such an observation can already suggest that the iron
line shape can potentially constrain the parameter γ.
To take a step forward, we follow the approach of Refs. [50–53] and we simulate some
observations with a current X-ray mission. The simulated data are then analyzed with a
4For simplicity, here we assume a neutral iron line at 6.4 keV. In the reality, the gas of the disk is ionized.
The mass M determines the effective temperature of the disk, which affects the ionization of the gas, and,
consequently, the exact iron line energy.
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Figure 2. Simulations of iron line shapes in the reflection spectrum of an accretion disk around JNW
naked singularities. The parameter γ is set at 0.99, 0.75, 0.50, and 0.25 (from top to bottom). The
inclination angle of the disk with respect to the line of sight of the distant observer is i = 20◦ (left
panels), 45◦ (central panels), and 70◦ (right panels). The rest-frame energy of the iron line is 6.4 keV
and the emissivity profile is a power law with emissivity index 3.
Kerr model for the iron line to see whether the Kerr model can well fit the data or not. Note
that current iron lines in the spectra of astrophysical black hole candidates are commonly
fitted with iron lines calculated in the Kerr spacetime and there is no tension between data
and theoretical models. Simulations and fits are done with the publicly available X-ray
package XSPEC [54]. As a current X-ray mission, we consider NuSTAR. The response
files of its instruments can be downloaded from the NuSTAR website [55]. As a source,
we do not consider any specific object, but we employ the typical parameters for a bright
stellar-mass black hole candidate. The spectrum of the source is modeled with a power-law
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Simulation 1 2 3 4 5 6
Input values
a∗ 0.99 0.99 0.99 0.99 0.99 0.99
γ 0.99 0.99 0.99 0.75 0.75 0.75
i [deg] 20 45 70 20 45 70
Best-fit
a∗ 0.63± 0.08 0.90± 0.6 0.93± 0.02 0.69± 0.07 0.83± 0.03 > 0.94
q 3.12± 0.05 2.96± 0.13 3.1± 0.2 3.10± 0.05 3.40± 0.17 3.0± 0.2
i [deg] 18.2± 1.2 45.1± 0.5 70.3± 0.3 19.1± 1.2 45.3± 0.5 69.0± 0.4
χ2red,min 1.08 1.00 1.06 1.07 1.06 1.07
Table 1. Summary of the best-fit values for the simulations 1-6. In the fits, we have six free
parameters: a∗, i, q, Γ, and the normalizations of the power-law continuum and of the iron line. See
the text for more details.
Simulation 7 8 9 10 11 12
Input values
a∗ 0.99 0.99 0.99 0.99 0.99 0.99
γ 0.5 0.5 0.5 0.25 0.25 0.25
i [deg] 20 45 70 20 45 70
Best-fit
a∗ 0.50± 0.08 0.82± 0.10 > 0.89 −0.18± 0.13 < 0.07 > 0.87
q 2.98± 0.04 2.8± 0.3 2.73± 0.10 3.05± 0.09 2.92± 0.14 2.72± 0.08
i [deg] 17.8± 1.0 46.7± 0.5 66.9± 0.4 21.5± 1.0 43.5± 0.6 62.2± 0.4
χ2red,min 1.04 1.05 1.04 1.06 1.05 1.08
Table 2. As in Tab. 1 for the simulations 7-12. See the text for more details.
component (E−Γ representing the spectrum of the corona) and a single iron line (representing
the reflection spectrum of the disk); see e.g. Ref. [6] for more details. The luminosity of the
source is assumed to be 10−9 erg/s/cm2 in the energy band 2-10 keV. The equivalent width
of the iron line is set at ∼ 200 eV. For the photon index of the power-law component, we
choose Γ = 1.6. The exposure time of the observation is 200 ks and we combine the data of
the two instruments on board of NuSTAR, FPMA and FPMB.
We have simulated twelve observations, corresponding to the case a∗ = 0.99 for each
panel shown in Fig. 2 (namely γ = 0.99, 0.75, 0.5, and 0.25 and i = 20◦, 45◦, and 70◦).
The emissivity index is always q = 3. Our simulated data are then fitted with a power-law
component and a Kerr iron line. The latter is calculated with RELLINE [56]. The XSPEC
model is thus POWERLAW*RELLINE. The free parameters in the fit are a∗, i, q, Γ, and the
normalizations of the two components. The frozen parameters are the energy line E = 6.4 keV
and the outer edge of the disk Rout = 400 M . The inner edge of the disk is set at the ISCO
radius of the Kerr spacetime. Tabs. 1 and 2 show the best-fit values of the spin parameter a∗,
the emissivity index q, and of the inclination angle i, as well as the reduced χ2, for the twelve
simulations. The tables do not show the best-fits of Γ and the normalizations of the two
components because they do not play a major rule in our results, even if a better estimate
of these parameters would also help to get better measurements of a∗, q, and i. Figs. 3 and
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4 show the plots with the ratio between the data and the best fit model.
As we can see from Tabs. 1 and 2, the reduced χ2 of the best-fit is always close to 1,
namely the fit is good. From the ratio plots, it is not evident any clear unresolved feature
that could point out the difference between the JNW and Kerr spacetimes. In other words,
the iron line shapes from accretion disks in JNW spacetimes can mimic pretty well those
expected in Kerr spacetimes.
Note, however, that the best-fits for the input inclination angle i = 20◦ (Simulations 1,
4, 7, and 10) do not have a high spin parameter. Even for the input inclination angle i = 45◦
(Simulations 2, 5, 8, and 11), the best-fit of a∗ cannot be close to 15. However, we have
observations of black hole candidates with iron line shapes as expected from fast-rotating
Kerr black holes observed at low or moderate inclination angles. For example, the authors
of Ref. [57] report the measurements a∗ = 0.97+0.014−0.02 and i = 23.7
+6.7
−5.4 deg for the stellar-
mass black hole candidate in Cygnus X-1. A similar measurement may not be possible if
Cygnus X-1 were a JNW naked singularity. If we consider supermassive black hole candidates,
the tension may be even stronger. There are indeed several sources with spin measurement
very close to 1 (for example a∗ > 0.97) and, at the same time, low or moderate viewing
angle [58]. All these measurements seems to be difficult to fit in a JNW scenario. Of course,
we can question whether a different choice of the model parameters can do the job and we
can obtain JNW objects capable of mimicking fast-rotating Kerr black holes observed at a
low inclination angle. The answer is no. If, for instance, we consider lower values of γ, we
go to the opposite direction and it is more difficult to mimic fast-rotating Kerr black holes.
Other parameters, like the emissivity index q, do not seem to have any impact on this issue.
Note, however, that current spin measurements come with a number of caveats. See, e.g., the
discussions in Ref. [59]. In particular, spin measurements of supermassive black holes with a∗
very close to 1 have to be taken with some caution. For example, current spin measurements
assume that the accretion disks are infinitesimally thin and that the inner edge is at the
ISCO radius. However, the mass accretion rate of several sources is probably higher than
20% of their Eddington limit, which makes the thickness of the disk non-negligible [60] and
permits the inner edge to be at a radius smaller than the ISCO.
Within our simple analysis based on simulated observations, we cannot arrive at any
conclusive statement. Moreover, we should fit the whole reflection spectrum, not only the
iron line. However, it is clear that the JNW naked singularities can unlikely well mimic
fast-rotating Kerr black holes with spin parameters close to 1. The reason is that a Kerr
black hole with a spin parameter very close to 1 has the ISCO radius very close to the black
hole event horizon. This leads to an iron line with a tail extended to very low energies. For
a∗ = 1, in Boyer-Lindquist coordinates rH = rISCO = M . However, if γ 6= 1, the static limit
becomes a singular surface, so the inner edge of the disk becomes rin = 2M˜ and rin → 2M
for γ → 1. There is a discontinuity in the inner edge of the disk between Kerr and JNW
metrics with a∗ very close to 1, and this is definitively a clear observational feature to test
the possibility of the existence of JNW naked singularities.
5 Concluding remarks
Even within classical Einstein’s gravity, we do not have yet any conclusive answer about the
nature of the final product of gravitational collapse. Under quite general conditions, the
5For high inclination angles, this is not true, presumably because the stronger Doppler boosting in the
JNW metric can compensate the weaker gravitation redshift.
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Figure 3. Ratio between the simulated data and the best-fit model for γ = 0.99 (left panels) and
0.75 (right panels). The spin parameter is always a∗ = 0.99. The inclination angle is i = 20◦ (top
panels), 45◦ (central panels), and 70◦ (bottom panels). See the text for more details.
creation of spacetime singularities is unavoidable, but this is not enough to argue whether
the final outcome is a black hole or if the creation of singularities visible to distant observers
are also allowed. It is usually assumed that the cosmic censorship conjecture holds, and
singularities created by gravitational collapse are hidden behind an event horizon. However,
no theoretical or observational confirmation is available.
In the present paper, we have presented a preliminary study to observationally distin-
guish black holes from naked singularities using iron line spectroscopy. We have considered
the JNW metric, which is an exact solution of Einstein’s gravity minimally coupled to a
real massless scalar field. The metric describes the spacetime of a rotating source with a
non-vanishing scalar charge q. The deformation parameter γ is related to the ADM mass
M and the scalar charge q and ranges from 1 (Kerr spacetime, vanishing scalar charge) to 0
(when M is negligible with respect to the scalar charge q). For γ < 1, the spacetime has no
horizon and there is a surface-like naked singularity where curvature invariants diverge and
the spacetime is geodetically incomplete.
Our results shows that, in general, the iron line from the accretion disk of a JNW
singularity can reasonably well mimic an iron line from the accretion disk around a Kerr
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Figure 4. As in Fig. 3 for γ = 0.5 (left panels) and 0.25 (right panels). The inclination angle is
i = 20◦ (top panels), 45◦ (central panels), and 70◦ (bottom panels). See the text for more details.
black hole. We have simulated some observations with NuSTAR (as a prototype of a current
X-ray mission) to see whether iron lines in the JNW metric can be fitted with iron lines
calculated in the Kerr spacetime. The answer is positive, in the sense that the fit is good
and we cannot easily distinguish the two spacetimes. However, iron line shapes in JNW
spacetimes do not seem to be able to mimic iron line shapes from Kerr spacetimes with very
high spins and moderate viewing angles. Since we have X-ray data that show iron line shapes
as expected from fast-rotating black holes observed at moderate inclination angles, it seems
that JNW spacetimes can be ruled out by those observations. A conclusive answer is beyond
the scope of the present paper and would require the construction of a full reflection model
(not only the iron line) and the analysis of the real data, as done in Refs. [61–64].
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A Calculation of iron line shapes
In Sections 3 and 4, the iron line shapes have been calculated with the code described in
Refs. [48, 49]. In this appendix, we briefly outline how the code works. More details can be
found in the original papers.
We consider a Boyer-Lindquist coordinate system centered at the black hole and a
faraway observer. The accretion disk is in the equatorial plane and the particles in the
disk follow quasi-geodesics equatorial circular orbits. The 4-velocity of the particles is thus
uµe = ute (1, 0, 0,Ω), where Ω ≡ uφe /ute is the particle angular velocity (the subindex “e” stands
for emitter). From the conservation of rest-mass gµνu
µ
euνe = −1, we can write
ute =
1√−gtt − 2gtφΩ− gφφΩ2 . (A.1)
Ω can be directly derived from the geodesic equations [6]
Ω± =
−∂rgtφ ±
√
(∂rgtφ)
2 − (∂rgtt) (∂rgφφ)
∂rgφφ
, (A.2)
where the upper (lower) sign refers to corotating (counterrotating) orbits, namely orbits with
angular momentum parallel (antiparallel) to the spin of the central object. In the case of the
JNW metric, the expression for Ω is
Ω± = A
MΣ′Aω +
√
M∆′ sin2 θ
(
ΣΣ′
(
r − M˜
)
−MΣ′2
)
MΣ′A2ω2 −∆′ sin2 θ
[
Σ
(
r − M˜
)
− Σ′M
] , (A.3)
where we have defined Σ′ = r2−a2 cos2 θ, ∆′ = r2−2M˜r+a2 cos2 θ, and A = (1−2M˜r/Σ)γ .
The 4-velocity of the distant observer is uµobs = (1, 0, 0, 0).
The observer has an image plane with a grid, and at every point of the grid we have a
photon perpendicular to the image plane. The iron line spectrum is obtained by calculating
the image of the accretion disk and integrating over the image plane. The image of the
accretion disk is calculated by firing photons from the image plane backwards in time to
the accretion disk. We write the photon initial conditions (initial position and initial 4-
momentum) in the coordinate system centered at the black hole. For every photon in the
grid, we calculate backwards in time the photon trajectory from the detection point in the
image plane to the emission point in the accretion disk in the equatorial plane. Photons that
miss the disk (they hit the back hole or cross the equatorial plane between the black hole
and the inner edge of the accretion disk) do not contribute to the iron line spectrum (here
we only consider the primary image of the disk).
The code computes the photon flux number density as measured by a distant observer
N(Eobs) =
1
Eobs
∫
Iobs (Eobs) dω =
1
Eobs
∫
g3Ie (Ee) dω , (A.4)
where Eobs and Iobs are, respectively, the photon energy and the specific intensity of the
radiation measured by the distant observer, Ee and Ie are the same quantities in the rest-
frame of the particles in the accretion disk, and dω is the line element of the solid angle
– 12 –
subtended by the image of the disk on the observer’s sky. g is the redshift factor
g =
Eobs
Ee
=
kµu
µ
obs
kνuνe
, (A.5)
where kµ is the photon 4-momentum. If we plug the expressions of uµobs and u
µ
e , we find
g =
√−gtt − 2gtφΩ− gφφΩ2
1 + λΩ
(A.6)
where λ = kφ/kt is a constant of motion along the photon path. Iobs/E
3
obs = Ie/E
3
e follows
from Liouville’s theorem.
For every photon in the grid of the image plane of the distant observer, we find the
photon emission point in the disk and we calculate the redshift factor g and the emission
radius re. The disk’s emission is assumed to be monochromatic and isotropic with a power-
law radial profile
Ie (Ee) ∝ δ (Ee − EKα)
rqe
, (A.7)
where EKα = 6.4 keV is the rest-frame energy of the emission line and q is the emissivity
index.
The ray-tracing calculations provide a photon count with a certain photon energy for
every point of the grid of the image plane. After integrating over the whole disk’s image, we
obtain the iron line shapes reported in Sections 3 and 4.
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